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GENERAL STRUCTURE
OF TWO-DIMENSIONAL QUASIREPRESENTATIONS
OF GROUPS

A. 1. SHTERN

ABSTRACT. The structure of two-dimensional quasirepresentations of groups

and of the corresponding pseudorepresentations is described.

§ 1. INTRODUCTION

Recall that a mapping 7 of a given group G into the family of operators
on a Banach space FE is said to be a quasirepresentation of G if

I7(g192) — 7(91) — 7(g2)| <, g1,92 € G,

for some e, which is usually assumed to be sufficiently small and is referred
to as a defect of m and a quasirepresentation of GG is said to be a pseudorep-
resentation of G if w(¢g™) is similar to 7w(g)", n € N, with the help of an
operator sufficiently close to the identity operator; see [1-3].

There are results concerning low-dimensional quasirepresentations. The
one-dimensional quasirepresentations of groups with small defect were de-
scribed in [4]. A rather special problem concerning the structure of two-
dimensional real triangular quasirepresentations of groups were treated by
Faiziev, my former postgraduate student [5].

General results of [1-4] enable us to describe completely the structure of
two-dimensional quasirepresentations of groups.
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§ 2. MAIN RESULTS

Theorem. Let G be a group and let ™ be a quasirepresentation of G with
a sufficiently small defect (¢ < 1/3) in a two-dimensional normed space E.
Then m belongs to one of the following classes of quasirepresentations:

(1) 7 is an unbounded ordinary irreducible representation of G;

(2) 7 is a bounded ordinary irreducible representation of G;

(3) m is a bounded irreducible quasirepresentation of G which is not a
representation;

(4) 7 is a completely reducible mapping whose diagonal components are
small perturbations of bounded pure one-dimensional pseudorepresentations
(recall that a pseudorepresentation is said to be pure if its restriction to every
amenable subgroup is an ordinary representation of the subgroup) that are not
ordinary representations;

(5) m is a small perturbation of a completely reducible mapping whose diag-
onal components are small perturbations of a one-dimensional ordinary rep-
resentation and a bounded one-dimensional pure pseudorepresentation which
is not an ordinary representation;

(6) m is a small perturbation of a completely reducible mapping whose di-
agonal components are small perturbations of one-dimensional ordinary rep-
resentations one of which is bounded;

(7) 7 is a small perturbation of a completely reducible ordinary bounded
representation;

(8) m is a reducible not completely reducible unbounded triangular ordinary
representation;

(9) 7 is a reducible not completely reducible unbounded triangular quasirep-
resentation whose diagonal components are ordinary bounded one-dimen-
sional representations.

Proof. The main tool to prove the above classification is the general theo-
rem on the structure of an arbitrary finite-dimensional quasirepresentation
of an arbitrary group (see, e.g., [1]). According to this theorem, if T" is a
quasirepresentation of GG in a finite-dimensional vector space Er, EJ. is the
conjugate space of Ep, L is the set of vectors & € Ep for which the orbit
{T'(g9)¢, g € G} is bounded, M is the set of functionals f € EJ. for which
the orbit {T(g)* f, g € G} is bounded in EZ (L and the annihilator M=+ are
in fact vector subspaces in E7p invariant under T'), then, in the collection of
subspaces {0}, LN M+, M+, L+ M+, and E = Er (in ascending order),
the matrix ¢(g) of the operator T'(g), g € G, in block form (with respect to
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the decomposition of the space E into the direct sum of subspaces L N M+,
M\ (LNM*Y), L\ (LN M*), and E\ (L + M%1)), where “\” stands for a
complementary subspace, is

alg) »lg) o(g) 7(9)
o He) = 8 ng) 7(09) >p<((g)) o 9ee
0 0 0 4(g)

(Here we have ta3(g) = 0, because L is invariant under 7'.) Moreover,
(i) the mappings «, §, 7, o, and x are bounded;
(ii) the mappings t; and ¢y defined by the equations

_ (lg) ©(g) _ (Bl9) plg)
uio) = ("W ). ww - (Y 9.
are representations of the group G}

(iii) the mapping 7 is a quasicocycle with respect to the representations
t, and to, i.e., the mapping

(g,h) — 7(gh) — a(g)T(h) — w(g9)p(h) —T(g)d(h),  g,h€G,

is bounded.

The irreducibility condition in cases (1)—(3) means that the representa-
tion space belongs to one of the four diagonal blocks, which gives the answer
immediately. The unboundedness condition implies that the quasirepresen-
tation in question is an ordinary representation (see, e.g., [6]), which explains
the structure of the assertion in (8), the absence of unboundedness condition
in (4) and (7), and a “partial” participation of unbounded mappings in (5)
and (6). The logically remaining possibility (9) is, in particular, related to the
nontrivial quasicharacters (say, for identity diagonal representations). This
completes the proof.

8 3. QUESTION

It is still not known whether or not every two-dimensional pseudorepre-
sentation of a group is automatically pure.
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